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Highlights 
 A 3D constitutive equation for SMPs based on a two-phase is developed. 
 Shape memory strain is introduced to simulate the shape memory effect. 
 The total deformation gradient is multiplicatively decomposed into each element. 
 Shape memory strain is determined by assuming proportionality to the total defor-
mation. 
 The simulation results are in good agreement with experiments. 
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Abstract 
Using a two-phase (rubbery and glassy) phenomenological model and shape memory strains, 
a three-dimensional constitutive model for shape memory polymers (SMPs) was developed 
that can simulate multi-axial and large deformation behavior (up to 200% of strain) of SMPs. 
To derive a constitutive equation, the total deformation gradient was multiplicatively decom-
posed into hyperelastic, viscoelastic, viscoplastic, and shape memory strains using Helmholtz 
free energy and the Clausius-Duhem inequality. The shape memory strain was determined 
from the total deformation by assuming proportionality to the total deformation. The devel-
oped constitutive model was validated by simulating the shape memory behavior of SMPs 
using a finite element method and comparing the simulation results with experiments. Finally, 
the capabilities of the constitutive equation were demonstrated by simulating constrained 
shape recovery behavior of SMPs. 
Keywords: shape memory polymers, constitutive model, large deformation, multiplicative 
decomposition, shape memory strain 
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1. Introduction 
    Shape memory polymers (SMPs) are smart materials that can recover a permanent or 
memorized shape from a temporarily fixed one in response to external stimulus, such as heat 
(Leng et al., 2011). Many experimental studies have been carried out to characterize the mac-
ro- and microscopic material properties of SMPs and to investigate one-way shape memory 
in SMPs. Various SMPs have been studied, including epoxy resin (Chen et al., 2014; Song et 
al., 2011), polyurethanes (Hong et al., 2007; Tobushi et al., 1996; Wang et al., 2010), polyi-
mide (Xiao et al., 2015), commercially available SMPs (Richard and Lisa Mauck, 2008), and 
poly(cyclooctene) (PCO) (Liu et al., 2002). Two-way shape memory, i.e., reversible defor-
mation behavior in response to an on-off stimulus, has also been demonstrated using one-way 
SMPs and bias loads (Chung et al., 2007; Hong et al., 2010; Pandini et al., 2012). Due to 
these fascinating properties, SMPs are promising for use in many applications, including aer-
ospace devices (Liu et al., 2014), self-healing medical materials (Li and Shojaei, 2012; Xu 
and Li, 2010), smart biomedical stents (El Feninat et al., 2002; Kim et al., 2010a; Reese et al., 
2010), fiber-reinforced SMP composites (Lan et al., 2014; Tan et al., 2014; Zhang et al., 
2015), particle-reinforced SMP composites (Hong et al., 2008), metal-SMP composites 
(Wang and Li, 2011), Alloy-SMP composite (Qiao et al., 2013), and 4D printings (Ge et al., 
2014; Ge et al., 2013; Yu et al., 2015). 
 
    Despite the efforts of many experimental studies, the complex thermo-mechanical be-
havior of SMPs has limited their constitutive modeling. Simple rheological models, which are 
valid only for limited materials under one-dimensional (1D) stress, were proposed as early as 
2000 (Abrahamson et al., 2003; Bhattacharyya and Tobushi, 2000; Lin and Chen, 1999; 
Morshedian et al., 2005; Tobushi et al., 2001). These rheological models adopt spring, dash-
pot, and frictional elements to simulate thermo-mechanical deformation behavior of SMPs. 
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Multi-phase SMP models, such as those assuming that the internal structure of SMPs consists 
of hard and soft segments, have also been presented (Lee et al., 2004; Ping et al., 2007). 
These multi-phase models successfully simulate the deformation behavior of 1D SMPs 
(Gilormini and Diani, 2012; Guo et al., 2015; Kazakevičiūtė-Makovska et al., 2014; Kim et 
al., 2010b), including the mechanical behavior of braided SMP stents (Kim et al., 2010a). 
However, the SMP models were described in 1D, making it difficult to develop 3D constitu-
tive equations. 
     Most previously developed multi-phase constitutive models are phenomenological 
models that capture the thermo-mechanical deformation behavior of SMPs using a continuum 
element (Chen and Lagoudas, 2008a, b; Diani et al., 2006; Guo et al., 2014; Heuchel et al., 
2013; Liu et al., 2006; Qi et al., 2008; Wang et al., 2009). The common feature of these phe-
nomenological multi-phase models is generalization of three-dimensional (3D) problems 
based on continuum mechanics. Another common feature is utilization of the mixture rule to 
describe the volume fractions of the constituent phases (e.g., rubbery and glassy phases) as a 
function of temperature, thereby enabling the calculation of free energy, strain, and stress. 
Those models utilize the concept of strain storage (or non-mechanical strain), which has been 
often introduced to account for the shape memory effect (Baghani et al., 2014a; Chen and 
Lagoudas, 2008a, b; Diani et al., 2006; Guo et al., 2014; Liu et al., 2006). Previously devel-
oped multi-phase phenomenological constitutive models can be implemented into finite ele-
ment analysis (FEA) software. However, most existing 3D models have assumed small de-
formation and were validated using either 1D uniaxial tests or limited 3D problems which 
deal with only simple mechanical behavior like uniaxial extension or compression with 3D 
constitutive equations. 
    In addition to the strain storage concept, other approaches have been used for explaining 
the shape memory effect in SMPs. For example, the temporarily fixed shape of SMPs has 
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been modeled using their crystallization behavior (Barot and Rao, 2006) and, in particular, 
strain- or stress-induced crystallization processes (Barot et al., 2008; Li and Shojaei, 2012; 
Rao and Rajagopal, 2001; Richard and Lisa Mauck, 2008; Westbrook et al., 2010). Shape 
memory has also been modeled on the temperature-induced changes in SMP microscopic 
structures (Ghosh and Srinivasa, 2013, 2014; Gu et al., 2015; Nguyen et al., 2008; Nguyen et 
al., 2010; Srivastava et al., 2010; Westbrook et al., 2011; Xiao et al., 2013). These tempera-
ture-dependent models were based on the well-known Arruda-Boyce model (Arruda and 
Boyce, 1993), which includes detailed microscopic features of SMPs. Recently, complex 
problems involving beam, film, and stents have been efficiently analyzed using such numeri-
cal methods (Baghani, 2014; Baghani et al., 2014b; Baghani et al., 2012a; Baghani et al., 
2012b; Baghani et al., 2012c; Diani et al., 2012; Xiao and Nguyen, 2013). However, those 
studies did not propose an appropriate model for large deformation. 
 
    In this work, a new constitutive model was developed, focusing on (1) three-dimensional 
theory, (2) large deformation, (3) multi-dimensional problem. The new 3D constitutive model 
of SMPs was developed based on a two-phase assumption of the SMP microstructure (rub-
bery and glassy phases). Both rubbery and glassy phases were modeled using a visco-
hyperelastic equation. To describe the large deformation behavior of SMPs, the deformation 
gradient was multiplicatively decomposed into the deformation gradient of each phase. The 
shape memory effect was then modeled using 3D shape memory strains occurring in the 
glassy phase, the formulation of which was carried out using the principal axes and stretches 
of the total deformation. The material parameters for newly developed constitutive equations 
were determined using the uniaxial and thermo-mechanical cyclic experiments. Finally, 3D 
finite element simulations were carried out to validate the developed constitutive models. 
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2. 3D constitutive model for shape memory polymers 
2.1 Basic considerations for constitutive modeling of SMPs 
    Thermo-responsive SMPs possess the transition temperature (
trT ) beyond which they 
exhibit the rubbery behavior due to the entropic elasticity of polymer molecules. Upon cool-
ing, the rubbery behavior of such SMPs turn into the glassy one, losing the entropic elasticity. 
Using this microstructural change of SMPs, we can memorize the deformation into the SMPs. 
For example, we can apply some deformations to SMPs at a temperature (usually, hT = trT +15 
ºC) higher than trT . Keeping the deformation, the SMPs are then cooled down to a tempera-
ture (usually, lT = trT -15 ºC). Subsequent unloading cannot return the shape of the SMPs to 
original shape before the loading because the SMP molecules are frozen due to the lowered 
temperature and loose the entropic elasticity, i.e., the deformed shape of SMPs remains. Upon 
heating (usually to 
 
T
h
), the SMPs gain the entropic elasticity, returning to the original shape. 
 
    To develop a constitutive model for describing the thermo-mechanical behavior of such 
thermo-responsive SMPs mathematically, two-phase models consisting of rubbery and glassy 
phases have been used, e.g., a parallel connection of rubbery and glassy phases (Kim et al., 
2010b) (see Fig. 1). At hT , the rubbery phase is the dominant microstructure, while the 
glassy phase is dominant at lT . The switching between these two phases is modeled by the 
volume fractions of each phase, e.g., at hT , the volume fractions of the rubbery and glassy 
phases are 1 and 0, respectively. We followed this methodology to derive the constitutive 
equation of SMPs. 
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Fig. 1. Parallel connection model of rubbery and glassy phases to describe the shape memory 
behavior of SMPs phenomenologically. 
 
    Next, a rheological model is considered for the rubbery phase of SMPs. Fig. 2(a) shows 
the stress and strain curve of a SMP (poly(cyclooctene), see Section 3.1 for detailed infor-
mation) when uniaxial tension, stress relaxation, and unloading were consecutively applied to 
the SMP, at hT . The non-linear elastic behavior was observed, implying that the rheological 
model of the rubbery phase should have hyperelastic springs. The stress relaxation occurred 
when the strain was kept, and upon unloading the strain went to almost zero, suggesting a 
parallel connection of the spring and the dashpot. Herein, Poynting-Thomson model was used 
for the rheological model for the rubbery phase of SMPs, as shown in Fig. 2(b). 
 
 
 
Fig. 2. (a) Uniaxial loading-relaxation-unloading behavior of a SMP at its hT . (b) Poynting-
Thomson model for the rubbery phase of SMPs. 
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    Next, a rheological model is considered for the glassy phase of SMPs. At lT , the non-
linear elasticity and relaxation were observed (Fig. 3(a)), similarly to the rubbery phase. Con-
trary to the recovered strain of the rubbery phase upon unloading, the permanent deformation 
was observed, implying the inclusion of (visco)plastic element in the rheological model of the 
glassy phase. Therefore, the glassy phase was modeled using both Poynting-Thomson model 
and viscoplastic element, as shown in Fig. 3(b). Another element (so called, shape memory 
strain element) was added in the rheological model of the glassy phase because the shape 
memory effect was involved in the cooling, the relaxation, the unloading, and the heating 
processes (see Fig. 4), where the rubbery phase is not completely dominant. 
 
 
 
Fig. 3. (a) Uniaxial loading-relaxation-unloading behavior of a SMP at its 
 
T
l
. (b) Rheologi-
cal model for the glassy phase of SMPs. 
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Fig. 4. Thermo-mechanical cyclic behavior of a SMP. At 
 
T
h
 the SMP was extended up to 
200%. Keeping the strain, the SMP was cooled down to 
 
T
l
 and unloaded. Finally, the SMP 
was heated again to 
 
T
h
, recovering the strain. 
 
    Finally, a phenomenological and rheological model consisting of two parallel phases 
(rubbery and glassy phases) for describing the thermo-mechanical deformation behavior of 
SMPs at the continuum level is suggested as in Fig. 5. In this study, an isostrain model, i.e., 
parallel combination of the two phases, is used, but an isostress approach can be also used. 
For small strain behavior of shape memory polymer, we developed 1D phenomenological 
models using both isostrain and isotress approaches, demonstrating that both models can 
simulate the shape memory behavior appropriately (Kim et al., 2010b). In this study, the de-
formation gradient will be multiplicatively decomposed into the deformation gradient of each 
phase to describe the large deformation behavior of shape memory polymers. For an isostrain 
approach, the total deformation gradient can be decomposed as Equation (1) in Section 2.2, 
however, for an isostress approach, the total deformation gradient may be decomposed into a 
product of all deformation gradients. The isostrain approach is more convenient to determine 
the decomposed deformation gradient than an isostress approach. Therefore, we will focus on 
the isostrain model in Fig. 5. 
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Fig. 5. A phenomenological and rheological two-phase model for SMPs which consists of 
rubbery (top) and glassy (bottom) phases. 
 
 
2.2 Derivation of constitutive equation of SMPs 
    The stress and strain relationship are derived with respect to the large deformation of 
SMPs based on the model built in Fig. 5. The total deformation gradient is multiplicatively 
decomposed into the elastic and other deformation gradients as follows (Lee, 1969): 
e v
r r
e v p s
g g g g


F F F
F F F F
 
(1) 
where the superscripts e, v, p and s represent the hyperelastic spring, the viscoelastic compo-
nent (parallel connection of the hyperelastic spring and a dashpot), the viscoplastic compo-
nent, and the shape memory strain element, respectively. The subscripts r and g indicate the 
rubbery and glassy phases, respectively. The original decomposition ( e pF F F ) of the de-
formation gradient proposed by Lee (Lee, 1969) or similar decompositions by some studies 
(Baghani et al., 2012a; Laiarinandrasana et al., 2003; Lejeunes et al., 2011; Qi et al., 2008; 
Westbrook et al., 2011) were modified to include the contributions of hyperelastic, viscoelas-
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
11 
 
tic, viscoplastic elements and shape memory strains. Prior to the decomposition of Equation 
(1), the second Piola-Kirchhoff stresses and the mechanical dissipation of the rubbery and 
glassy phases are defined as follows. 
 
    If the volume fractions of the rubbery and glassy phases of an SMP are denoted by r  
and g , respectively, and if summation of these volume fractions is unity, i.e., 1r g   , 
the second Piola-Kirchhoff stress can be decomposed into the stress associated with the rub-
bery and glassy stresses: 
   r r g gT T  S S S  (2) 
where rS  and gS  are the second Piola-Kirchhoff stresses of the rubbery and glassy phases, 
respectively. In this study, assuming that the volume fraction of the glassy phase in Equation 
(2) is determined by only temperature, the following relationship was used. A detailed proce-
dure to determine the parameters (b, c, trT , and d) is provided in Appendix A. 
0
0 0
0
1 1
0 1
0 0
g
g g g
g

  

 

  
 
   with   
  
0
1 exp
g
tr
b
d
c T T
  
 
 
(3) 
 
    All dashpots in this model are set as Newtonian fluid. Then, the mechanical dissipation 
of the rubbery phase can be expressed as a pseudo-potential of dissipation (Boukamel et al., 
1997; Meo et al., 2002): 
1
:
2
v v
r r r r  C C  (4) 
where 
 
m
r
 is the viscosity of the rheological model for the rubbery phase and 
v
rC (=    
T
v v
r rF F ) is the right Cauchy-Green tensor of viscoelastic element of the model (see 
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Fig. 5). Similarly, the mechanical dissipation of the glassy phase can be written, however, the 
viscoplastic component and the shape memory strain element may induce additional mechan-
ical dissipation as follows: 
   
1
:
2
v v p p s s
g g g g g g g g     C C F F  (5) 
where 
g  and 
v
gC  are the viscosity and the right Cauchy-Green tensor of the second ele-
ment in the rheological model for the glassy phase. 
p
g  and 
s
g  are the mechanical dissipa-
tions of the viscoplastic element and the shape memory strain element, respectively.  
 
    Meanwhile all hyperelastic springs in this study were assumed as a Mooney-Rivlin solid 
in first order: 
       
2
10, 01,, , 3 3 1
2
k
jk k k k k k k k k
j j j j j j j j jI II J C I C II J

      
 (6) 
where 
k
jI , 
k
jII , and 
k
jJ  are incompressible invariants and 10,
k
jC , 01,
k
jC , and 
k
j  are mate-
rial coefficients of element k in phase j. Note that the superscript k can be either e or v while j 
can be either r or g. 
 
    The multiplicative decomposition of the deformation gradient in Equation (1) was car-
ried out by defining Helmholtz free energy and using the Clausis-Duhem inequality as fol-
lows. Helmholtz free energy (per unit volume),  , can be additively expressed as follows: 
       , , , ,
r r g g
v v p s
r r r g g g g gT T
   
   
 
 C C C C C C
 
(7) 
where TC F F  is the right Cauchy-Green tensor. Then, the Clausius-Duhem inequality can 
be expressed in terms of the second Piola-Kirhoff stress ( S ) and Helmholtz free energy as 
follows (Haupt, 2002; Helm and Haupt, 2003; Meo et al., 2002): 
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1
: 0
2
T
T
T
  

    
q
S C  
(8) 
where T  is the temperature,   the mass density, q  the heat flux, and   represents the 
entropy. Equations (2), (7), and q T  q  are substituted into Equation (8), deriving the 
following inequality (Laiarinandrasana et al., 2003; Lejeunes et al., 2011): 
2
1
: :
2
1
: : : :
2
0
vr r
r r rv
r
g g g gv p s
g g g g gv p s
g g g
q T
T
T T
 

   



   
   
   
      
      
      
 
    
 
S C C
C C
S C C C C
C C C C
 
(9) 
or 
0r r g g th        (10) 
where th  is the thermal dissipation. The three dissipation quantities, each of which is equal 
to or larger than zero, are expressed by the following equations: 
1
: :
2
vr r
r r rv
r
 

  
   
  
S C C
C C
 
(11) 
1
: : : :
2
g g g gv p s
g g g g gv p s
g g g
   

    
     
    
S C C C C
C C C C
 
(12) 
2
th
T
T q
T T

 
 
    
 
 
(13) 
To satisfy above inequality for arbitrary C , 
v
rC , Cg
v
, C
g
p
, 
s
gC , and T , the following rela-
tions should be also satisfied: 
1
0
2
r r
r
  
  
 
S
C C
 
(14) 
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vr r
r rv v
r r
 

 
  
 
C
C C
 
(15) 
1
0
2
g g
g
  
  
 
S
C C
 
(16) 
g g v
g gv v
g g
 

 
  
 
C
C C
 
(17) 
g g
p p
g g
  
 
 C C
 
(18) 
g g
s s
g g
  
 
 C C
 
(19) 
The entropy relationship is given by 
1
T




 

 
(20) 
 
2.2.1 Decomposition of the deformation gradient of the rubbery phase 
    As shown in Fig. 5, the rubbery phase is modeled using a combination of a hyperelastic 
spring and a viscoelastic element (the parallel connection of a hyperelastic spring and a dash-
pot of Newtonian fluid). The Helmholtz free energy of the rubbery phase is determined by 
these two elements in terms of the invariants of the right stretch tensors as follows: 
   
   
,
, , , ,
e v v v
r r r r r
e e e e v v v v
r r r r r r r rI II III I II III
  
 
 
 
C C C
 (21) 
Then, Equation (15) can be rewritten as 
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     
 
 
1 1 1
1
1
v r
r r v
r
e e e
v e v vr r r
r r r re e e
r r r
e
e vr
r re
r
v v v v
v v v vr r r r
r r r rv v v v
r r r r
I
I II II
III
III
I III
I II II III


  

   
  



 

     
    
     



      
     
      
C
C
C C I C C C
C
I C C
 
(22) 
Incompressible invariants (
k
rI , 
k
rII , and 
k
rJ ) (Bower, 2009) are then introduced where the 
superscript k is e or v, resulting in the final differential equation. Note that Equation (6) is 
used for all hyperelastic springs. 
           
     
      
   
2/3 1 2/3 1 1
10, 01, 01,
1
10, 01,
2/3 4/3
10, 01, 01,
10, 01,
1 1
2 1
3 2
1 1
2 1
3 2
v e v e e e e e v v
r r r r r r r r r r r
e e e e e e e v
r r r r r r r r
v v v v v v v
r r r r r r r
v v v v v v v
r r r r r r r
J C I C J C
I C II C J J
J C I C J C
I C II C J J



    

 
  
 
     
 
  
 
     
 
C C C I C C C
C
I C
C 
1
v
r

 
(23) 
As Equation (23) is an ordinary differential equation of 
v
rC , it can be solved with the given 
total deformation (  TC F F ), producing vrC  and 
e
rF . 
 
2.2.2 Decomposition of the deformation gradient of the glassy phase 
The glassy phase consists of a hyperelastic spring, a viscoelastic element, a viscoplastic ele-
ment, and a shape memory strain element, as shown in Fig. 5. The Helmholtz free energy of 
the glassy phase is written by the first two elements in terms of the invariants of the right 
stretch tensors as follows: 
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   
   
, , ,
, , , ,
e v p s v v
g g g g g g g
e e e e v v v v
g g g g g g g gI II III I II III
  
 
 
 
C C C C C
 (24) 
Equation (17) is rewritten using above Helmholtz free energy and incompressible invariants 
as follows: 
           
     
      
   
2/3 1 2/3 1 1
10, 01, 01,
1
10, 01,
2/3 4/3
10, 01, 01,
10, 01,
1 1
2 1
3 2
1 1
2 1
3 2
v e v ev e e e e e v ev v
g g g g g g g g g g g g g
e e e e e e e v
g g g g g g g g
v v v v v v v
g g g g g g g
v v v v v v v
g g g g g g g
J C I C J C
I C II C J J
J C I C J C
I C II C J J



    

 
  
 
     
 
  

    
C C C I C C C
C
I C
 
1
v
g

 
 
C
 
(25) 
where  
T
ev e v e v
g g g g gC F F F F . This equation solves 
v
gC  with the total deformation ( C) given, 
provided that viscoplastic deformation (
p
gF ) and shape memory strain (
s
gF ) are given. These 
two deformation gradients are described separately using another constitutive laws as follows. 
 
To describe the viscoplastic element, Perzyna model (Perzyna, 1966) was used: 
1p
g p
g g
f
f




F
P  (26) 
In here, the yield function is 
      23, :
2
p d d Y p p
g g gf t E t    σ σ σ  (27) 
where   3dg g gtr σ σ σ I  is the deviatoric stress of the Cauchy stress and 
 
0
t
p pt d     is the equivalent viscoplastic strain expressed with respect to the effective 
plastic strain  
1
2 3p p pg g

 F F  (Yang et al., 2006). Y , pE , and 
p
g  are the yield 
strength, the hardening modulus, and the viscosity of the dashpot, respectively. 
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2.2.3 Empirical constitutive equation for shape memory strain 
    Shape memory strain was introduced to represent the strain, which is necessary for 
proper modeling of the shape memory effect, particularly a temporarily fixed shape. Consider 
the thermo-mechanical cycling behavior of SMP to understand the shape memory strain and 
further to gain insight into its constitutive description. During the stretching step of the ther-
momechanical cyclic test at high temperature (step 1 in Fig. 6(a) and (b)), the shape memory 
strain is generated and remained until heating is applied (step 4 in Fig. 6(a) and (b)). During 
the cooling step (step 2 in Fig. 6(a) and (b)), the stress relaxation occurs because the shape 
memory strain occupies the greatest portion of the extension, as shown in the third column in 
Fig. 6(a). After the stress release (step 3 in Fig. 6(a) and (b)), the shape of the SMP is nearly 
fixed because the mechanical strain applied during the step 1 is stored as the shape memory 
strain (a kind of non-mechanical strains) as illustrated in the fourth column in Fig. 6(a). Final-
ly, when the SMP is heated (step 4 in Fig. 6(a) and (b)), i.e., the rubbery phase is the domi-
nant phase, regaining the entropic elasticity and returning to its original shape in a stress-free 
state. At this step, the shape memory strains go extinction. The physical source of the remain-
ing shape memory strain just after the unloading step is the internal microstructure of SMP. 
As the temperature decreases below trT , the polymer chains in the SMPs lose their mobility 
due to the reduced free volume (frozen effect) and thus lose the entropic elasticity. This re-
sults in the residual strain (shape memory strain) despite external load removal. The shape 
memory strain corresponds to the residual strain, i.e., the fraction of the total deformation that 
is not released upon unloading. 
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Fig. 6. Schematic description of shape memory strain. (a) Generation and extinction of the 
shape memory strain during the thermo-mechanical cycling and its contribution to the shape 
memory behavior of the SMP. (b) Stress–strain curve corresponding to the thermomechanical 
steps in (a). (c) Schematic drawing of the strain composition. The horizontal and vertical lines 
represent the amount of strain and the volume fraction of each phase, respectively. ‘Mech. 
Glassy’ represents the strain of the glassy phase, while ‘SM Glassy’ means the shape memory 
strain generated in the glassy phase. 
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Considering the shape memory strains generated or disappeared in the thermo-mechanical 
cyclic behavior of SMP, we assumed that the rate of the shape memory strain (
s
gE ) is propor-
tional to the volume fraction of the rubbery phase r  and a function of actual total defor-
mation, i.e., 
 ,
s
g s
r g
dE
f E E
dt

 (28) 
where E  represents the total strain. The actual form of  , sgf E E  should be prescribed ex-
plicitly for obtaining the deformation gradient of the shape memory strains. For ideal SMPs, 
the amount of shape memory strain would exponentially converge to total strain itself, but 
practically, it approaches a certain limit of total strain. Consequently, a simple tensorial form 
was used in this study as follows: 
 
 
,
,
for
for
s ss
r g ij g ijg
s s
r g ij g ij
E Ed
dt E E
  

   
 
  
E EE
E E  (29) 
where   is a constant to represent the formation rate of the shape memory strain and   
(always less than one) is a fraction of the total strain that the shape memory strain can take, 
i.e., the maximum shape memory strain is E . ,
s
ij g ijE E   means applying deformation 
while ,
s
ij g ijE E  represents releasing deformation. The signs of absolute value of these ex-
pressions are to consider not only extension but also compression. The solution of Equation 
(29) can be obtained using a direct solver for ordinary differential equation (e.g., 
MUMPS(Amestoy et al., 2006) or PARDISO(Schenk and Gärtner, 2004)). Next, the defor-
mation gradient of the shape memory strain is obtained using its rotationless assumption as 
follows. 
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    The stretch tensor of the shape memory strain element can be written as follows: 
 
3
0
1
s s s s
i i i
i


 U M M  (30) 
where  
2
s
i  represents the principal stretches, and 
s
iM  are the principal directions of 0
s
C , 
the right Cauchy-Green tensor of the shape memory strain. Here, 0
s
C  is provided in terms of 
the Lagrange strain (
s
gE ) given by Equation (29), i.e., 0 2
s s
g C E I . A more practical form 
of s
gU  is given by 
 
 
3
1 3
1
s
s s si
g i i
s
i J


 U M M  (31) 
where 
3
1
s s
i
i
J 

  is the volume change of the shape memory strain. The reason that this is 
more practical or that the factor  
1 3
1 sJ  is introduced is for the incompressibility of the 
shape memory strain component. Finally, the deformation gradient of the shape memory 
strain part can be expressed as follows: 
 
 
3
1 3
1
s s s s
g g g g
s
s si
i i
s
i J


 
 
F R U U
M M  (32) 
Note that the rotationless (
s
g R I ) is assumed. 
 
2.3 Calculation of stresses 
    Total stress is expressed as volumetric summation of stresses of rubbery and glassy 
phase, as written in Equation (2). First, Equation (14) is retrieved to calculate the stress of the 
rubbery phase. Equation (14) gives 
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
21 
 
2
2 2 2
e
r
r
e e e e e e
r r r r r r
e e e
r r r
I II III
I II III

  



     
  
     
S
C
C C C
 
(33) 
Using Equation (6) and incompressible invariants, the second Piola-Kirchhoff stress of the 
rubbery phase is given by  
         
   
2/3 2/3 1 1
10, 10, 01,
10, 01,
2
1 1
2 2 1
3 2
e e e e e e v v
r r r r r r r r r
e e e e e e e T
r r r r r r r
J C I C J C
I C II C J J
   

   
  
 
     
 
S I C C C
C
 
(34) 
This equation calculates the stress of the rubbery phase using the given total deformation ( C) 
and viscoelastic deformation (
v
rC ) calculated by Equation (23). 
    Similarly, Equation (16) gives, 
2
2 2 2
e
g
g
e e e e e e
g g g g g g
e e e
g g g
I II III
I II III

  



     
  
     
S
C
C C C
 
(35) 
Also using Equation (6) and incompressible invariants, the second Piola-Kirchhoff stress of 
the glassy phase is given by 
             
   
2/3 1 2/3 1 1
10, 10, 01,
10, 01,
2
1 1
2 2 1
3 2
T
e a e e e e e v ev v a
g g g g g g g g g g g g
e e e e e e e T
g g g g g g g
J C I C J C
I C II C J J
     

   
  
 
     
 
S F I C C C F
C
 
(36) 
where 
a p s
g g gF F F  and      
1T T
ev e v e v a a
g g g g g g g
 
 C F F F F F C F . This is the final form of the 
stress of the glassy phase calculated using the given total deformation ( C ), viscoelastic de-
formation (
v
gC ) calculated by Equation (25), viscoplastic deformation (
p
gF ) calculated by 
Equation (26), and shape memory strain (
s
gF ) solved by Equation (32). 
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2.4 Summary of the model 
    Final form of the constitutive equation is given by Equation (2), (34), and (36), in which 
there are many material parameters, which should be determined from some experimental. In 
this section, the material parameters of an SMP (which will be described in Section 3.1), 
which were determined using a procedure in Appendix B, are listed in Table 1. 
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Table 1. Material coefficients of the constitutive equation of an SMP. 
Volume fraction 
(See Eqn (3)) 
44.3trT  ℃  Transition temperature 
1.30b   
10.137c  ℃  
0.136d    
Fitting parameters 
Rubbery phase 
(See Eqns (23) and (34)) 
10, 0.02MPa
e
rC   
01, 0.30MPa
e
rC    
Spring constants of the first spring 
90er MPa    Bulk modulus of the first spring 
10, 0.55MPa
v
rC   
01, 0.50MPa
v
rC    
Spring constants of the second spring 
90vr MPa    Bulk modulus of the second spring 
0.336r GPa s     Viscosity of the dashpot 
Glassy phase 
(See Eqns (25) and (36)) 
10, 0
e
gC   
01, 20MPa
e
gC    
Spring constants of the first spring 
600eg MPa    Bulk modulus of the first spring 
10, 0
v
gC   
01, 13
v
gC MPa   
Spring constants of the second spring 
600vg MPa    Bulk modulus of the second spring 
0.7g GPa s     Viscosity of the dashpot 
parallel to the second spring 
Viscoplasticity 
(See Eqns (26) and (27)) 
3Y MPa    Yield strength 
18pE MPa   Hardening modulus 
16pg GPa s     
Viscosity of the dashpot 
in the viscoplastic element 
Shape memory strain 
(See Eqns (29) and (32)) 
10.72s    Formation rate of the shape memory 
strain 
0.987    Ratio of shape memory strain to total 
deformation 
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3. Experimental 
3.1 Material preparations 
    A poly(cyclooctene) (PCO) SMP was synthesized following a literature procedure (Liu 
et al., 2002): (i) PCO was dissolved in tetrahydrofuran (THF) to form PCO solution at 80 °C. 
(ii) After 24 hours, dicumyl peroxide (DCP) was added to the PCO-THF solution. The ratio 
of DCP to PCO was 1 wt%. (iii) The solution was placed in a fume hood to vaporize THF for 
24 hours at room temperature. (iv) Next, the solution was placed in a vacuum oven for 1 hour 
at 80 °C. (v) The sample was then cut to appropriate size for each mechanical test. (vi) The 
sample was pre-heated for 5 minutes at 80 °C and then finally heated to 170 °C and held for 
30 minutes. Thermogram of the PCO SMP sample was obtained using differential scanning 
calorimetry (DSC), from which the temperature range of the PCO for shape memory behavior 
was determined to be from 30 to 60 °C (see Appendix C for details).  
 
3.2 Uniaxial thermo-mechanical shape memory tests 
    Using PCO film in 1 × 5 × 0.12 cm size, the shape memory test was carried out using a 
four-step test: (i) extension of the sample by 200% at a rate of 33.6 mm/min at 60 °C; (ii) 
stress relaxation while maintaining strain during cool down to 30 °C at a rate of 21 °C/min; 
(iii) 300 seconds of unloading to zero stress; and (iv) heating to 60 °C at a rate of 20 °C/min 
under zero load. The stress was measured under the prescribed strain conditions during steps 
(i) and (ii), while the strain was measured under the prescribed stress conditions during steps 
(iii) and (iv).  
 
3.3 Punching test 
    Multi-dimensional deformation behavior of the SMP was evaluated in an environmental 
chamber to validate the developed constitutive model and its implementation in finite element 
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software. A PCO sheet was prepared with dimensions of 9 × 9 × 0.12 cm (length   width   
thickness). With all edges of the PCO sheet clamped, the center region of the sample was 
punched to certain heights (30, 37.5, and 45 cm) using a rigid spherical tool with a radius of 
0.65 cm at 60 °C (Fig. 7(a)). The punch was held in place while lowering the temperature to 
30 °C at a rate of 21 °C/min. The punch was then retracted, allowing the sheet to relax. The 
temperature was then increased to 60 °C, and the applied force and deformation of the sheet 
were recorded by the testing machine. To measure the strains along X-, Y-, and diagonal di-
rections, grid patterns were introduced on the surface of the SMP sheet, as shown in Fig. 7(b). 
 
 
Fig. 7. Experimental scenes of the punching test: (a) an SMP sheet punched by a rigid ball 
and (b) grids on the sheet surface to measure the strain. 
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4. Results and discussions 
    Two boundary value problems were chosen to validate the current constitutive model. 
First, uniaxial tensile tests, including the thermo-mechanical cyclic test of SMPs of Section 
3.2, were simulated and compared to experimental data. Next, the 3D deformation behavior 
of SMPs from Section 3.3 was simulated using the constitutive model. All simulations were 
carried out using COMSOL™ software, into which the following virtual work was input in 
weak form: 
0 0 0
0 0 0:
V A V
dV dA dV       S E T u f u  
(37) 
where T  and f  are external surface traction and volumetric force, respectively, and 0dA  
and 0dV  represent the area and volume element, respectively. Ordinary differential equa-
tions such as Equations (23), (25), (26), and (29) were solved by domain ODE solver. 
 
4.1 Uniaxial tensile behavior of SMPs 
    An SMP sheet with the dimensions 1 × 3 × 0.12 cm (length × width × thickness) was 
used in the thermo-mechanical cyclic tensile test described in Section 3.2. The specimen was 
modeled using tetrahedral finite elements (7,177 elements). The nodes on the left cross-
section [perpendicular to the loading axis (x-axis)] were all fixed ( 0u v w   ), while the 
displacement of nodes on the opposite side were prescribed by 
inputu u  and 0v w   (see 
Fig. 8). 
 
    Fig. 9 presents the results of the thermo-mechanical cyclic test. As evident from these 
results, the calculated results using the finite element method are within good agreement with 
experimental results. We observed a peak of the 3D modeling curve at time 900 s in Fig. 9(b). 
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This can be explained by the thermo-mechanical cycle steps and our parallel model. The 
heating increased the volume fraction of the rubbery phase, inducing the rubbery phase (al-
ready stretched in the first step) to shrink. Due to the isostrain approach (i.e., a parallel com-
bination of the rubbery and glassy phases) in this study, the glassy phase became compressed 
(in particular, hyperelastic spring and viscoelastic element of glassy phase have negative 
strains) (see Fig. 10(a) for strain profiles). On the other hand, stresses on rubbery and glassy 
phases became positive and negative, respectively, to make the total stress zero. Note that the 
recovery of the SMP occurred under zero force. This continued until about t  900 s. After 
that, smaller tensile and compressive stresses were applied to the rubbery and glassy phases, 
respectively. At t  908 s, these two stresses became all zero (see Fig. 10(b)). Further de-
creased shape memory strain induced positive and negative stress on the glassy and rubbery, 
respectively, even though the total stress became zero. This stress configuration brought 
about unstable and transitive strain increase. Note that Fig. 9(b) shows the variation of the 
engineering strain for 1351 s. Further calculation, e.g., up to 4500 s, confirmed complete re-
covery of total strain (i.e., zero strain) for 3D modeling case. The shape memory polymer 
used in this research did not recover its original shape, i.e., the unrecovered strain and recov-
ery rate at 4500 s was about 11.1% and 94.5%, respectively. Fig. 9(d) shows the simulated 
deformed shapes during the cyclic test, demonstrating that the shape memory strain is a prop-
er quantity for simulating the shape memory behavior of SMPs. The distribution of the shape 
memory strain, 
s
gE , is shown in Fig. 11. In this figure, t  112 s indicates the time to max-
imum strain at 
hT T , while t  511 s is the time just prior to unloading, i.e., the last mo-
ment for producing shape memory strain. The distributions of the shape memory strain be-
tween the two time steps are similar, implying that the shape memory strain at 
hT T  was 
produced at an early stage, i.e., the shape memory strain was induced almost immediately up-
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
28 
 
on deformation. Fig. 11 also shows that the shape memory strain was generated near the cen-
ter of the sample rather than in the constrained region, which is consistent with the assump-
tion that the shape memory strain is proportional to the total deformation, because larger de-
formation occurs in the central region than at the edges. 
 
 
Fig. 8. (a) Geometry and (b) mesh configuration of a rectangular SMP sample. 
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Fig. 9. Experimental and modeling results of the thermo-mechanical cyclic test: (a) input 
temperature, (b) strain-time, (c) stress-time, and (d) 3D shape change over time. The color 
indicates the magnitude of the shape memory strain, i.e., 
s
gE . 
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Fig. 10. Evolution of (a) strain and (b) stress during the thermo-mechanical cyclic test. 
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Fig. 11. Distribution of the x-component of the shape memory strain along the central line 
(from [-15 mm, 0, 0] to [15 mm, 0, 0] in the material coordinate). 
 
 
4.2 Punching simulation 
    An SMP sheet with dimensions 9 × 9 × 0.12 cm (length   width   thickness) was 
used for the punching simulation, as shown in Fig. 12. The total number of the tetrahedral 
mesh was 18,652. As boundary conditions, all nodes on four edges were fixed ( 0u v w   ). 
A spherical rigid ball with a radius of 0.65 cm was used to press the sheet upward at the cen-
ter position. The simulation followed the same procedure described in Section 3.3. 
 
    Fig. 13(b) shows the displacement of the center point of the sheet in the z-direction. The 
z-displacement of the center point before t  511 s was determined by punch movement. 
Simulated fixities of the sheet were larger than the experimental fixity such that the sample 
almost recovered its original shape. The experimental results did not indicate complete recov-
ery, leaving about 10 mm displacement unrecovered. This discrepancy in displacement seems 
large, but actual unrecovered in-plane deformations were small (2%). This small, unrecov-
ered deformation caused a large unrecovered z-displacement of the center point. The overall 
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tendency of the simulated fixities and recovery were well matched with experimental results. 
As indicated in Fig. 13(c), which presents deformed shapes of the sheet in the punching simu-
lation, the current constitutive model is adequate for simulating the mechanical behavior of 
the SMP. The overall deformed shape was well matched by the experimental shape shown in 
Fig. 7(a). 
 
    The simulation results were quantitatively compared by obtaining the strain of the sheet 
at a specified time. Fig. 14(a)–(c) shows the strain along the X-, Y-, and diagonal axes at 
t  511 s. In general, the simulated (calculated) strains agreed with experimentally deter-
mined ones, although small deviations were observed. For example, the simulated strains 
from the origin ( X 0) to X 15 mm were larger than those obtained experimentally. The 
differences might be attributable to friction between the sheet sample and the sphere punch in 
the experiment, because the friction between the sheet and tools was not taken into account in 
the simulation. Fig. 14(d) shows the distribution of the shape memory strain (
s
gE ) along the 
X-axis. At a punching displacement of 30 mm, the total deformation was small, and the 
s
gE  
distribution did not vary significantly. As the punching displacement increased, however, a 
dramatic change in the distribution was observed, in particular at a punching displacement of 
45 mm, where a large shape memory strain appeared concentrated around X 4 mm and 
X 10 mm, implying that the total deformations of the sheet were local maxima at these lo-
cations. Then, 
s
gE  decreased toward the center of the sheet ( X 0), because biaxial de-
formation in this region [  det sgF ] was close to identity. Similar to the uniaxial test case, the 
shape memory strain was induced immediately upon deformation of the sample before 
t  112 s. 
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Fig. 12. (a) Geometry and (b) mesh configuration of an SMP sheet and a punch. 
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Fig. 13. Experimental and modeling results of the punching test: (a) temperature input, (b) z-
directional displacement of the center point in the sheet, and (c) 3D shape changes of the 
SMP sheet with time when maximum z-displacement of the punch was 45 mm. The color in-
dicates the magnitude of shape memory strain, i.e., 
s
gE . 
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Fig. 14. Quantitative comparisons of simulation results with experiments: (a) Strain along the 
X-, (b) Y-, and (c) diagonal axes at t  511 s at a punching displacement of 45 mm and (d) 
evolution of shape memory strains along the X- axis. 
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5. Conclusion 
    A 3D constitutive equation for SMPs was developed using a phenomenological two-
phase (rubbery and glassy) model. The shape memory strain concept, which was determined 
by the principal axes and stretches of the total deformation, was introduced to simulate the 
shape memory behavior of SMPs. The material parameters of SMPs for the 3D constitutive 
equation were determined by deriving reduced 1D constitutive equations, calculating the 
thermo-mechanical deformation behavior of 1D SMPs, and comparing the calculated results 
with experimental results. The constitutive equation was validated by simulating the defor-
mation behavior of an SMP sheet undergoing a series of thermo-mechanical deformations, 
including punching at high temperature, releasing to temporary shape at low temperature, and 
finally restoring to the permanent shape at high temperature. Comparison of simulated results 
with experiments demonstrated that the current constitutive equation can properly capture the 
multi-dimensional deformation behavior of SMPs. 
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Appendix A. Volume fraction of the glassy phase 
A relaxation test was carried out to obtain the volume fraction of PCO according to tempera-
ture. The PCO sample was stretched to 200% at 30 °C. The applied strain was maintained for 
1000 seconds for sufficient relaxation. The temperature was then increased to 60 °C at a rate 
of 1.00 °C/min, during which the stress evolution was measured. 
 
The nominal stress at lT T  is given by the following equation: 
 l g gP T P  with 1g   (A. 1) 
Similarly, at 
hT T , the stress is 
 h r rP T P  with 1r   (A. 2) 
At the intermediate temperature, Equation (2) can be rewritten as 
     
      
1 g h g l
h g l h
P P T P T
P T P T P T
 

  
  
 
(A. 3) 
or 
 
   
h
g
l h
P P T
P T P T




 
(A. 4) 
The above equations show how  g T  can be obtained from the experimental data for 
 P T . An appropriate regression function for g  can be obtained using the stress–
temperature curve [see Fig. A.1] as follows: 
0
0 0
0
1 1
0 1
0 0
g
g g g
g

  

 

  
 
   with   
  
0
1 exp
g
tr
b
d
c T T
  
 
 
(A. 5) 
where 1.30b  , c  0.137 °C-1, 
trT  44.3 °C, and 0.136d  . This is Equation (3) and r  
ACCEPTED MANUSCRIPT
AC
CE
PT
ED
 M
AN
US
CR
IP
T
38 
 
is obtained just by 1 g . 
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Fig. A.1. Variation of the volume fraction (
g ) of the glass phase with increasing temperature. 
 
 
Appendix B. Obtaining material parameters of the glassy and rubbery phases 
Material parameters for this model were determined via trial and error by fitting the constitu-
tive equations to the experimental data from Isothermal uniaxial tests (below section) and 
thermo-mechanical shape memory test (Section 3.2). For these operations, the 3D constitutive 
equations were reduced to a 1D form by assuming uniaxial extension. 
 
B.1. Isothermal uniaxial tests 
Isothermal uniaxial tests were carried out to determine the material parameters in the consti-
tutive model. A PCO flim was prepared with dimensions of 1 × 5 × 0.12 cm (length   width 
  thickness) with a gauge length of 3 cm. An isothermal uniaxial test was performed at 
60 °C to characterize the rubbery phase of the SMP. The SMP sample was extended 200% at 
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a rate of 240 mm/min. The strain was then fixed for 1000 seconds, and the stress was meas-
ured. The sample was unloaded, and the strain was measured. An additional isothermal test 
was performed at 30 °C. The sample was extended 200% at a rate of 0.35 mm/min. The strain 
was then fixed for 3000 seconds, during which time the stress was measured. Finally, the 
strain was measured again after sample unloading. 
 
B.2. 1D form of the model of the glassy phase 
If the glassy phase is incompressible, F , 
e
gF , 
v
gF , 
p
gF , and 
s
gF  can be written as fol-
lows: 
 
2
0 0 0 0
0 1 0 0 1 0
0 0 1
0 0 1
k k
j j
k k k k
j j j j
k
k j
j
 
 


   
   
     
   
   
  
F C
 (B. 1) 
The total deformation gradient tensor F  becomes  
e v p s e v p s
g g g g g g g g      F F F F F  (B. 2) 
where 1   . Substitution of F , 
e
gF , 
v
gF , and 
p
gF  into Equation (25) and conversion 
to the Cauchy stress by multiplying 
v
gF  and  
T
v
gF  to the left and right side of every term, 
respectively, gives the following: 
 
 
      
2
2
10, 01, 10, 01,
1 1
; , ; ,
3 2
v
gv e e e v v v e v
g g g g g g g g g g
d
h C C h C C p p
dt

      
 (B. 3) 
 
      10, 01, 10, 01,
11 1 1
; , ; ,
6 2
v
g e e e v v v e v
g g g g g g g g gv
g
d
h C C h C C p p
dt

  

    
 (B. 4) 
Subtracting Equation (B. 4) from Equation (B. 3) gives the final 1D equation for 
v
g  of 
glassy phase: 
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 
 
    
3
10, 01, 10, 01,3
1 1
2 ; , ; ,
2
v
gv e e e v v v
g g g g g g g g
v
g
d
h C C h C C
dt

   

 
 
   
  
 (B. 5) 
where      2 1 210 01 10 01; , 2 2h C C C C          is the Cauchy stress determined by 
Mooney-Rivlin hyperelasticity. 
 
Similarly, substitution of Equation (B. 1) into Equation (36) and converting it into the Cauchy 
stress using the relation 
1 T
J
σ FSF , the stress component of the glassy phase becomes 
 
 
2
,11 10, 01, 2
4 1 4 1
3 3
e e e e e
g g g g g ge
e
g
g
C C p  
 
     
       
      
 (B. 6) 
 
 
2
,22 ,33 10, 01, 2
2 1 2 1
3 3
e e e e e
g g g g g g ge
e
g
g
C C p   
 
     
         
      
 (B. 7) 
Considering the condition of the uniaxial extension, the Cauchy stress under this condition 
becomes 
 
 
 
2
,11 ,22 10, 01, 2
10, 01,
1 1
2 2
; ,
e e e e
g g g g g g ge
e
g
g
e e e
g g g
C C
h C C
    
 

     
        
      

 (B. 8) 
 
Equations (B. 5) and (B. 8) form 1D constitutive equations for glassy phase. However, to de-
termine the 1D constitutive model, p
g  and 
s
g  also must be known. 
 
Substituting Equation (B. 1) into Equations (26) and (27) gives 
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 (B. 9) 
with    2Y p pgf E t      and . 
 
According to Equation (B. 1), the Lagrange strain E , calculated from C , is given by 
 
2 1
0 0
2
1 1 1
0 0
2 2
1 1
0 0
2



 
 
 
 
    
 
 
  
E C I
 (B. 10) 
Because E  is a diagonal matrix, substituting this into Equation (29) results in a diagonal 
matrix 
s
gE , where each diagonal value corresponds one of the principal stretches of the de-
formation gradient of shape memory strain, i.e., 2 1
s s
i iiE   . By substituting these stretch 
values into Equation (32), s
gF  becomes 
 
,1
,21 3
,3
0 0
1
0 0
0 0
s
g
s s
g g
s
s
g
g
J



 
 
  
 
 
F
 (B. 11) 
The first component ,1
s
g  is the strain in the extension direction, which corresponds to the 
value s
g  in Equation (B. 2). 
 
B.3. 1D form of the model of the rubbery phase 
The rubbery phase does not include a shape memory strain component in the model. There-
fore, 1D constitutive equations for rubbery phase are written as similar form of Equations (B. 
8) and (B. 5): 
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 10, 01,; ,e e er r r rh C C   (B. 12) 
 
 
    
3
10, 01, 10, 01,3
1 1
2 ; , ; ,
2
v
v e e e v v vr
r r r r r r r r
v
r
d
h C C h C C
dt

   

 
 
   
  
 (B. 13) 
 
B.4. Fitting 1D equations in experimental results for obtaining parameters. 
By volumetric combining Equations (B. 8) and (B. 12) with r r g g      , the constitutive 
model for the shape memory effect in 1D form can be obtained. 
 
By fitting the calculated uniaxial test at lT T  to experimentally measured values [Fig. B.1], 
the parameters in Equations (B. 8) and (B. 5) can be obtained, as listed in Table 1. Similarly, 
the parameters in Equations (B. 12) and (B. 13) can be obtained by fitting the test at hT T  
[Fig. B.2]. The remaining parameters   and   can be calculated by fitting the models to 
the experimental results of the thermo-mechanical cyclic test [Fig. B.3]. Note that to impose 
the incompressibility of the material, the bulk moduli ( ) were assumed to be much larger 
than the stiffness of the hyperelastic springs so that the volume change is always within 
100 2% . 
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Fig. B.1. Experimental and fitting results of uniaxial extension and unloading test at 
lT T : 
(a) strain-time, (b) stress-time, and (c) stress-strain curves. 
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Fig. B.2. Experimental and fitting results of the uniaxial extension and unloading test at 
hT T : (a) strain-time, (b) stress-time, and (c) stress-strain curves. 
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Fig. B.3. Experimental fitting results of the thermo-mechanical cyclic test: (a) input tempera-
ture, (b) strain-time, (c) stress-time, (d) stress-strain curves. 
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Appendix C. Thermal characterization 
To measure the melting and crystallization temperatures of the PCO sample, differential 
scanning calorimetry (DSC, Mettler Toledo DSC 823E) was used. Heating was applied from 
0 to 200 °C at a rate of 5 °C/min, followed by cooling from 200 °C to 0 at rate of -5 °C/min. 
Fig. C.1 below shows that the melting and crystallization temperatures of the PCO sample 
were 55.3 °C and 31.0 °C, respectively. The midpoint of these two was 43.15 °C, which was 
similar to the transition temperature of 44.3 °C obtained in Appendix A. We determined the 
temperature range (30 to 60 °C) for shape memory behavior by taking hT = trT +15 ºC and 
lT = trT -15 ºC. 
 
 
Fig. C.1. DSC thermogram of PCO sample. 
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